An Interpretation of Quantum Logic by Francis, C
An Interpretation of Quantum Logic
Charles Francis
Abstract: 
It is argued that the orthodox interpretation of quantum mechanics is in conflict with the objective
existence of space-time, and suggested that kets are labels which categorise real states of matter but do
not directly describe them. Position is a relationship between particles which necessarily contains uncer-
tainty. The principle of superposition is seen as a definitional truism in the categorisation of states. The
description of space in quantum logic resolves the measurement problem of quantum mechanics and
related paradoxes such as Schrödinger’s cat by attributing the collapse of the wave function to
information.
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1 Introduction
This paper replaces the assumption of a pre-existent space-time continuum with the observation that
time and distance are numbers produced by a measuring apparatus and interprets quantum logic [1] as a
mathematical structure which arises naturally from the categorisation of real physical states which are
not directly measured. The removal of the space-time continuum leads to an intuitive explanation of the
principle of superposition (i.e the properties of vector space), and resolves the measurement problem of
quantum mechanics e.g. [2][3], and the related paradoxes such as Schrödinger’s cat, Wigner’s friend,
EPR, and the Bell inequalities, by attributing the collapse of the wave function to information. Informa-
tion alters the subjective categorisation of states without modifying objective reality. While the notion
of reality independent of observation is preserved, the interpretation describes the epistemological nature
of the laws of quantum mechanics and supports Kant's thesis that knowledge of the world is in part con-
stituted by the mind.
I believe that, at a fundamental level, nature is simple, and accordingly reject the notion that quantum
mechanics can be explained by unknown complications, such as those offered by hidden variables the-
ories. Instead I will explain quantum logic as arising from a dearth of properties in the fundamental
structure of matter - fewer properties than are implicit, for example, in the notion of a space-time mani-
fold. I regard the properties we observe as the result of complex interactions between fundamentally
simple entities, and therefore, when we study the entities themselves, familiar properties such as posi-
tion, simply do not exist.
I am not going to attempt to describe the ontological properties of matter in this paper. That requires
a much more extensive epistemological and empirical study [4]. I do assume that matter consists of par-
ticles, and that particles interact to create the properties we observe. But the arguments of this paper are
general to measurement, and do not require that we can describe particles or their interactions, or that we
know what ontological processes are actually involved in a particular measurement or observation. I take
the subjective role of the observer to be implicit in observation, whether or not the observer is a physicist
or a cat, whereas by measurement I mean a generic physical process yielding a value as a result of the
measurement, and consisting of many particle interactions. On the other hand the existence of this value
does not imply that a measurement has taken place. The value is a property of the particle interactions
which take place in measurement, and also exists whenever it is generated by a suitable configuration of
interactions between particles, whether or not any measurement is involved.
In this paper I describe the epistemological origin of the principle of superposition which lies at the
heart of quantum mechanics, and I relate the inner product to probability. The difference between this
and classical probability theory is that we are not finding probabilities generated by unknown variables,
but probabilities generated by a labelling system whose properties derive tautologously from its defini-
tion. In [4] I have developed the model rigorously to show how operators on kets can be used to describe
physical processes such as general measurements and particle interactions, and to understand the reasons
for fundamental laws of physics as expressed in Newton’s laws and Maxwell’s equations. Unsurpris-
ingly, the mathematics is quite substantial and intricate, but in fact the discrete theory is not as difficult
as the standard continuous model, and avoids divergence issues while yielding the same results.
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2 The Property of Position
In keeping with the notion that the fundamental structures of matter are simple, only measurement of
position is assumed. The justification for this is that all measurements can be reduced to measurements
of position. For example a classical measurement of velocity may be reduced to a time trial over a meas-
ured distance, and a typical quantum measurement of momentum involves plotting the path of a charged
particle in a bubble chamber. I accept the orthodox interpretation of quantum mechanics, that a particle
has position as a consequence of measurement, but also has the potential to have position, reflected in
the fact that if we carry out a measurement of position we always get a precise result in the form of a
number. According to Dirac [5]
The expression that an observable ‘has a particular value’ for a particular state is permissible in quantum mechanics
in the special case when a measurement of the observable is certain to lead to the particular value, so that the state
is an eigenstate of the observable...In the general case we cannot speak of an observable having a value for a par-
ticular state, but we can...speak of the probability of its having a specified value for the state, meaning the
probability of this specified value being obtained when one makes a measurement of the observable.
I draw the inference that, since the property of position does not always exist as an exact value, space-
time co-ordinates do not always exist. Hence there is no physical manifold, or pre-existent continuum
modelled by Rn into which matter can be placed. 
I do not accept the assertion that the properties of matter only exist because they are observed. Instead
I believe that when a configuration of matter gives rise to a measurable property, this occurs because the
net behaviour of the particles in that configuration generates the properties of the measurement. If the
property of position exists because of physical interrelationships in matter, then it exists whether or not
those interrelationships are observed or measured. In a measurement of position the configuration of
matter necessarily generates the property of position, but the property of position may also exist as a
result of a configuration of particle interactions when no measurement is involved. In practice the inter-
actions required to generate position exist in all the situations of classical physics, so we have no trouble
believing that geometrical relationships were valid on the far side of the moon before they were observed
- quite the contrary. 
But in the instance of a typical measurement in quantum mechanics we study a particle in near isola-
tion. The implication is that there are too few ontological relationships to generate classical properties,
such as the property of position. Then the property of position does not exist prior to the measurement,
and the measurement itself is responsible for introducing physical relationships sufficient to generate the
property of position.
3 Many Valued Logic
At the beginning of this century philosophers and logicians became interested in the notion of ‘ideal
language’ and propositional logic has been studied as a prototype. In classical, or crisp, logic, the truth
of a proposition is given by the values 0 (definitely false) or 1 (definitely true). Often (but not always)
the logical structure is set up in such a way that the truth value of a proposition corresponds to the phys-
ical truth of the proposition. Philosophers have been naturally interested in the relationship between
logical truth value and actual truth.
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A limitation of classical logic is that it uses only two truth values, whereas ordinary language is also
capable of describing levels of certainty. Many valued logics were introduced in the 1920s for dealing
with the intuitive idea of degrees of certainty, and key ideas in the use and interpretation of many valued
logic were described by Max Black [6]. Different many valued logics can be used, and each describes
some aspect of uncertain statements. An excellent and comprehensive survey of many valued logics has
been prepared by Rescher [7]. 
 In a typical many valued logic a real valued function, fP(x), is used as a measure of the certainty of
the truth of a proposition P[x]. For example, fuzzy logic, created by Professor Lofti Zadeh, [8][9], has
been used with considerable success in systems science for approximate reasoning based on imprecise
information as is typically supplied by natural language, and has developed into a major subject area
[10][11]. In fuzzy logic propositions are given real truth values between 0 and 1, and the truth value rep-
resents a subjective measure of certainty of the truth of the proposition. Thus fuzzy truth is a real function
of taking values between 0 and 1. Figure 1 gives a graph which could be considered to approximate the
statement “Joe Bloggs is a tall man”. By this graph, the truth value of the proposition “Joe Bloggs is 6’0”
is about 0.2. This does not correspond the (unknown) objective truth of the same proposition, which is
either true or false. 
In crisp logic the position of a point can be regarded as a mapping from N3 to {0,1}. This mapping
confers the truth value 0 or 1 on any statement of the position of the point, so each statement of position
is certainly true or certainly false. In many valued logic, other truth values are possible. For example in
an infinite valued logic, such as fuzzy logic, the position of a point is a mapping from R3 to the real inter-
val, [0,1], which expresses the level of certainty of each statement of position. Similarly quantum logic
takes into consideration the empirical principle that measurement gives imprecise information about
objective reality. In quantum logic we use complex truth values. Thus, the quantum position of a particle
will be defined as a mapping from N3 to C expressing the level of certainty that a measurement of posi-
tion will produce a given result. Although quantum position at any time can be identified with the
5’9 5’10 5’11 6’ 6’1 6’2 6’4 6’5 6’6 6’7 6’8
0.1
0.2
Figure 1: Possible approximate truth values for the statement “Joe Bloggs is a tall
man”, as might be used in fuzzy logic
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restriction of the wave function to N3, as is shown in [4], I use the term quantum position to emphasise
its meaning in quantum logic, because it is discrete, and because a wave equation is not assumed. 
The justification for using a complex truth value for quantum position is that truth values do not
describe objective reality, but rather describe how we can think about it. Truth is here a mathematical
value applied to a concept, and like , has no direct physical meaning. Thus the quantum position of
a particle has a truth value at each co-ordinate, but uncertainty in position does not imply that the particle
is physically spread across co-ordinate space; quantum position is simply the set of truth values describ-
ing the potential for finding the particle at each position.
4 Measurement
When we carry out measurement we set up many repetitions of the system, and record the frequency
of each result. Probability is simply a prediction of frequency, so a mathematical model of physics must
generate a probability for each possible result. Experiments to determine the behaviour of matter are
based on knowledge of the initial state and measurement of the final state. We require laws of physics to
predict the change taking place between the first measurement and the second. There may be a practical
difference between an initial measurement and a final one, but both are treated as simply measurements
and described formally in the same way. Although the word measurement is used, it is not taken to imply
measurement of anything. Measurement is simply the generation of a value out of the combined interac-
tions of particle and apparatus, and does not necessarily imply that that value exists prior to
measurement.
When we speak of performing a measurement by the apparatus on the particle we artificially separate
the two parts of a physical process. Clearly we cannot carry out measurement of a particle in isolation,
or measurement with an apparatus and no particle. A particle (or subsystem) under study and the appa-
ratus used to study it are strictly a single system consisting of many interacting particles. We find that
measurement of a property results in a definite value of that property, and we use this value is used to
label the state of particle and apparatus which generated it.
Definition: The ket  is a label for a state of particle and apparatus, as categorised by the result, f, of
measurement. A bra is an alternative representation of a ket.
Kets are labels associated with physical states. This is significant because when we introduce the laws
of vector space (i.e. the principle of superposition), we will be speaking of the properties of a labelling
system, not of objective properties of matter. But, in keeping with common practice, we loosely refer to
kets as states. The laws of physics will express relationships between initial states  and final states
, described by placing the bra and the ket together to make a braket . 
Definition: The braket is the quantum logical truth value describing the degree of certainty that the state
labelled  will follow from the initial state 
According to the rules of many valued logic we have
4.1  = 1 if f is certain to follow g
4.2  = 0 if f cannot result from g
A central issue in the application of many valued logic is the determination of a truth function suited to




g〈 | f g〈 | 〉
g| 〉 f| 〉
f g〈 | 〉
f g〈 | 〉
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Figure 2: Traditionally in quantum mechanics,
kets have been thought of as describing the
state of the particle, but what we actually meas-
ure is the state of the apparatus. That is to say
we read the value of the state from the appara-
tus, and apply that value to the state of the
particle. There is no fundamental difference
between the matter in the apparatus and the
matter being measured. In spite of the differ-
ence in the arrangement of the particles of
matter constituting each, they are both labelled
by bras and kets. By definition, if the state of
the apparatus is categorised by a particular ket,
the state of the particle is categorised by the
same ket.
The particle alters the state of the apparatus, since the apparatus is designed to give a reading of the
state of the particle. The apparatus also alters the state of the particle, since it is impossible to measure
the particle without interacting with it. Whatever the actual configuration of matter, both state of particle
and state of apparatus are categorised by the same value derived from measurement, ensuring corre-
spondence between the two. Because the labelling of the particle and the labelling of the apparatus are
identical, we adopt a definition of a truth value such that the uncertainty in the apparatus is equal to the
uncertainty in the position of the particle. We can regard the ket as labelling the state of the measuring
apparatus and the bra as labelling the state of the particle, so that, if the apparatus is in the (known) state
, then the particle is labelled by the bra  Then, the degree of certainty for a transition of the appa-
ratus to the state  is , and the corresponding degree of certainty for the particle is . By
L3, uncertainty is divided equally between particle and apparatus. So a consistent definition of the braket
is constrained to factorise probability
4.3 Probability(g leads to f) = 
4.3 is a defining mathematical relationship, not a physical statement about what actually happens. Prob-
ability is a real valued function so  = . 
It is worth remarking that the Copenhagen interpretation describes the particle with an uncertainty
relation and the apparatus as certain. Here uncertainty is divided equally between particle and apparatus,
but uncertainty in a macroscopic apparatus is governed by statistical law. Macroscopic phenomena are
configurations of very large numbers of particles, so classical law consists of the average behaviour of
large numbers of particles, each individually obeying quantum law.





















f| 〉 f〈 |
g〈 | g f〈 | 〉 f g〈 | 〉
f g〈 | 〉 g f〈 | 〉
f g〈 | 〉 g f〈 | 〉
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5 Ket Space
In all practical measurements the apparatus has a finite resolution, so the result of a measurement of
time and position is in N3. Let χ be the scaling factor from conventional units. There is a practical bound
on the magnitude of the result, so the result of measurement of position is in a finite region  Ν is
not a bound on the universe and merely has to be large enough to be able to say with certainty that Ν
contains any particle under study, i.e. the quantum position function of the particle vanishes outside of Ν.
Definition: The coordinate system is  for some .
Definition:  is the ket denoting a measurement of position x.  is called a position ket.
Definition: Let H0 be the set of kets resulting from a measurement of position of an elementary particle
in Ν. H0 contains kets for all physically realised measurements of position, but also kets for measure-
ments of position which may be made in principle, and it also contains kets which may not be realised
either in principle or in practice.
Definition: Construct a vector space, H, over C, with basis H0. H can be represented as the set of
 matrices generated by the operations of addition and multiplication by
a scalar from basis kets represented by a matrix containing one 1 and all other entries equal to 0.
Vector space introduces intuitive logical operations between uncertain propositions. Addition corre-
sponds to logical OR, and multiplication by a scalar gives an intuitive idea of weighting due to the level
of certainty in each option given to logical OR. This is justified because kets are simply labels for possible
states of matter, not descriptions of reality. Thus the principle of superposition is a definitional truism,
not a physical assumption. Vector space extends the labelling system from H0 to H. Multiplication by a
scalar only has logical meaning as a weighting between alternatives, ,  such that
, so  is a label for the same physical state as . We can therefore renormalise kets as we
choose, without affecting their use as labels for states. 
In a measurement of position a particle can be found anywhere, but it is only found in one place at a
time. The braket, or quantum position, which describes this is a Kronecker delta, renormalised to 
5.1
Definition: With this normalisation, the quantum position of a particle in the state  is the func-
tion  defined by 
5.2
From the property that any vector can be expanded in terms of a basis we have
 
By applying  to both sides and using 5.1 we have , so 
5.3
So the braket is given by the hermitian form known as the scalar product, i.e.
5.4
There is a homomorphic correspondence between H and the space of complex functions on Ν given by
the correspondence between a ket and its quantum position function. Quantum position can also be
regarded as the set of components of a vector in a particular basis.
Ν N3⊂
Ν ν ν,( ) ν ν,( ) ν ν,( ) N3⊂⊗ ⊗= ν N∈
x∀ Ν  x| 〉,∈ x| 〉
2ν 1+( ) 2ν 1+( ) 2ν 1+( )××
f| 〉 H∈∀ λ C∈∀
λ 0≠ λ f| 〉 f| 〉
x y Ν x y〈 | 〉,∈,∀ χ3δxy=
f| 〉 H∈
Ν C→
x Ν∈ x x f〈 | 〉→,∀




∑ f x( ) x| 〉=
x〈 | f x( ) x f〈 | 〉=




∑ x| 〉 x f〈 | 〉=,∈
g f〈 | 〉 1
χ3
----- g x〈 | 〉 x f〈 | 〉
x Ν∈
∑=
An Interpretation of Quantum Logic 7
6 Momentum Space
Definition: Momentum space is ; the elements of momentum space
are called momenta.
Definition: For each value of momentum , define a ket , known as a plane wave state, by the
quantum position 
6.1   
With this definition of momentum the origin of the uncertainty principle is immediate, since by defi-
nition of a state of definite momentum is a composition of states of different positions. In [4] I show its
relationship to the classical notion of momentum.
Definition: For each ket  define the momentum space function 
Then, by 5.4, F can be expanded as a trigonometric polynomial
6.2  
Clearly the cardinality of the plane wave states is greater than the cardinality of H0, so plane waves
are not a basis. But quantum position can be found in terms of plane waves by Fourier analysis 
6.3
The lack of symmetry between momentum space and co-ordinate space reflects the idea that position
is closely associated with the fundamental nature of matter, whereas momentum is a construction. The
dependency of momentum space functions on Ν expresses a practical bound on the magnitude of
momentum which could be measured by a given apparatus.
In a general theory of measurement, the value χ depends on the resolution of the apparatus, not on the
fundamental structure of matter. The theory of “fuzzy” or “unsharp” measurement has been developed
by Progovecki [12], Holevo [13], Busch and Lahti [14], and others, to deal with inaccuracies in the meas-
urement process. In a recent paper, Sturzu directly related unsharp measurement to the conceptual
problems of quantum mechanics [15]. The dependency of χ on the apparatus shows that the formalism
of vector space is appropriate to a general theory of measurement, not just quantum mechanical law,
although it should be noted that in unsharp measurement the definition of momentum given above may
not be directly related to the classical concept of momentum. 
In an optimally accurate measurement, χ, depends on the fundamental structure of matter. If it is
assumed that interactions between particles are discrete, then there is a theoretical minimum distance
which can be defined. Since interactions are deemed to be responsible for geometry, this minimum value
will appear as a fundamental constant in physical law, not just as a property of the measurement. Thus
we may conclude that the laws of quantum mechanics are simply the laws of measurement, in the case
that the accuracy of measurement is governed by the same fundamental physical processes as govern the
generation of measured properties of matter.
Μ pi– pi ],( pi– pi ],( pi– pi ],(⊗ ⊗=
p Μ∈ p| 〉







f| 〉 F p( ) p f〈 | 〉=







----- x f〈 | 〉eix p⋅
x Ν∈
∑=






d3p p f〈 | 〉e ix p⋅–
Μ
∫=
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7 Quantum Paradox
If ket space is understood as a labelling system constructed by an individual observer from the avail-
able information, the familiar paradoxes of quantum mechanics do not arise. No physical process is
described by the collapse of the wave function, but the measurement provides the observer with addi-
tional information, and enables him to recategorise the state. Schrödinger’s cat [16] is labelled as a
quantum mixture of live and dead states, because there is insufficient information to say which. But there
is no implication that the ontological cat is other than strictly alive or strictly dead. Similarly, Wigner and
his friend [17] have different information, and construct different labels for the same objective situation.
The EPR paradox [18] does not indicate a faster than light physical process, or even a physical entan-
glement of spacially separated particles, merely an entanglement of labels such that knowledge of the
state of one particle allows us to relabel the state of the other. This is of no benefit to the observer of the
other particle, and does not allow him to relabel the state until such time as we can inform him of our
result, at a speed less than that of light.
In the classical Young’s slits experiment where a particle passes through a pair of slits and hits a
screen, the question of which slit the particle passes through can be understood as being incorrectly
phrased. If spacial relationships actually arise from interactions, then the absence of interaction implies
the absence of spacial relationships. It is necessary to the experiment that the particle does not interact
with other matter between the instant of its emission from the source and the instant when it hits the
screen. It follows that the particle does not have a clear spacial relationship with the slits, so that the ques-
tion “Which slit does it pass through?” does not make sense. 
The violation of the Bell inequalities [19] as shown by the Aspect experiments [20] is more subtle,
since apparently the manner in which one observer carries out his measurement does physically affect
the result of the other measurement. According to Bell, the proof of Bell’s inequality depends on a) real-
ism b) determinism and c) locality. I am not prepared to discard realism. The current interpretation
dispenses with locality in the sense intended by Bell. The absence of interaction between the creation of
a pair of particles and their detection implies an absence of spacial relationships so we cannot truthfully
say that they are spacially separated until they are detected. Nonetheless the theory developed in [4]does
describe particles with point-like properties and a locality condition is preserved. The particles are sep-
arated in the topology of the structure, but do not have a clear geometrical relationship either with each
other or with a macroscopic reference frame.
In spite of the apparent conflict between determinism and free will, physicists are sometimes thought
to be reluctant to drop determinism. But there is no à prioré reason to believe in causality from past to
future, and although time symmetry is broken by the statistical law of entropy, at a fundamental level the
laws of physics are time (PCT) symmetric. So we cannot exclude the possibility that the detection of the
polarisation of one particle may alter the polarisation of both particles at their creation. Whether it is due
to lack of determinism or to modification of the meaning of locality, the violation of the Bell inequalities
does not express a paradox, but a fact of nature.
Hardy’s theorem [21] states that quantum measurement requires a preferred Lorentz frame, and has
been shown by Percival under very general conditions [22]. This can now be understood as the natural
condition for quantum mechanics, because a reference frame is a part of a subjective labelling system,
not an objective property of matter. Lorentz invariance is restored in relativistic quantum field theory,
where field operators are used to describe actual physical interactions in matter [4].
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